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ABSTRACT

A phenomenological model has been developed to predict the
time-dependent flow behavior of a suspension of solid particles in
viscoelastic fluid. The model consists of a Maxwell model in parallel
with a plastic model, which has a yield stress parameter Y. The
effect of the solid particles is studied by ‘introducing a function
£(%), where ¢ is the volume fraction of the solid in the viscoelastic
fluid. Einstein's, Mooney's and Simha's models, which are good for
suspensions of rigid spheres in Newtonian fluids, are used for f(¢) to
examine the effect of ¢ on the velocity profiles in tube flow. The
volume fraction was varied from O to 30%. An explicit finite
difference method is used to solve the integrodifferential equation
for viscosities up to 5.0 poise, and relaxation times between 1 and 5
seconds. Pressure drops are calculated using the average velocity
obtained from the computed velocity profiles. Limitations of the
numerical method and the simple rheological model are discussed and

recommendations for the future have been made.
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NOMENCLATURE

Symbol Definition
; Rate-of-deformation tensor
D Diameter of the tube
De Deborah number
G Hookean elasticity constant
G(¢) Elasticity modulus as a function of ¢
L Characteristic length
NR Number of radial steps
NT Number of time steps
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P Dimensionless pressure
PS Steady-state pressure
r Radial coordinate
R Dimensionless radial coordinate
R0 Tube radius
t Time
TLEN Total length of time
T Dimensionless time
\Y z-component of velocity
{v) Average velocity
(g)s Average velocity at steady-state
{ve) Calculated average velocity
v Dimensionless velocity
We Weissenberg number
Y Yield stress
z Axial coordinate
YA Dimensionless axial coordinate
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Greek Symbols

Symbol Definition
a Stability parameter
n Material constant in Maxwell's model
"o Zero shear rate viscosity

Apparent viscosity of a fluid

n(o) Viscosity of an unfilled fluid

n(e) Viscosity of a filled fluid

¢ Volume fraction of solid spheres

¢m Maximum volume fraction of solids

A Relaxation time parameter in Maxwell's model
A1 Relaxation time in Oldroyd's model

Ao Retardation time in Oldroyd's model

A(o) Relaxation time as a function of ¢

Dimensionless relaxation time

~ll

Stress tensor

P Density of a fluid

@ Vorticity tensor

Y Shear rate

;c Constant shear rate parameter in the plastic
model

;rz Time-dependent shear rate



CHAPTER 1

INTRODUCTION

Background of the Proposed Work

In the processing of thermoplastics (e.g., injection molding of
amorphous polymers), molecular orientations can be '"frozen in," and
the generated residual stresses are important because they influence
the mechanical properties of the finished products. Part defects can
frequently arise due to strains frozen into the polymer during
molding. The residual stresses are closely related to parameters such
as point velocities and shear strains within the polymer. The purpose
of this work is to develop a technique to predict velocity profiles by
using a simple rheological equation of state. It is hoped that this
approach can be used to account for the shear stresses that arise in a
viscoelastic melt and, at the same time, indicate the influence of the
solid particles. The work also has applications in the design of
equipment used in polymer processing. In the literature, one
frequently finds the use of the power-law equation, or the Newtonian
expression, to predict pressure drops in polymer-processing equipment.
The pressure drop is related to the overall power requirements for the
equipment. Hence, an attempt has been made in this study to predict
transient and steady-state pressure drops for a viscoelastic fluid.

The emphasis in this work is on theoretical predictions of
transient velocity profiles in suspensions of solid particles in a
viscoelastic fluids. Many polymer melts containing solid particles

fall in the category. Experimental work will not be attempted.



Objectives of the Work

1) Computations of transient velocity profiles using a simple
phenomenological model for viscosities from 0.01 to 3.0 poise,
relaxation times from 1 to 5 seconds, and shear rates from 0.1 to
10 seconds.

2) Computation of pressure drops for unsteady-state flow for the
viscoelastic fluid based on calculated average velocities and the
Hagen-Poiseuille equation.

3) Development of a phenomenological model for a concentrated
suspension of solid particles in a viscoelastic fluid, which
includes the volume fraction ¢ of the particles and the relaxation

time A of the two-phase system as parameters.

Outline of the Dissertation

In Chapter II, previous studies on the theoretical and
experimental determination of velocity profiles in two-phase
(viscoelastic fluid + solid) systems have been reviewed. A brief
review of rheological models for one-phase viscoelastic systems has
also been included. The numerical method used to solve equations in
the present work is described in Chapter IV , and the results and
their significance are presented in Chapter V. Finally, the
conclusions and the possibilities for further work are listed in the

closing chapters.



CHAPTER II

LITERATURE REVIEW

Despite the fact that viscoelasticity is a time-dependent
phenomenon, very few mathematical models have been developed for such
fluids which involve unsteady-state conditions. An important
manifestation of non-Newtonian behavior for a fluid is a viscosity
that varies with shear rate. This leads to velocity profiles that are
very different from those for Newtonian fluids. Most polymer melts
and polymer solutions are non-Newtonian fluids. Several of them
exhibit strong memory effects and normal stress differences. The
complexity of a non-Newtonian response depends on the flow situation,
such as flow geometry and shear dependance, as well as on the physical
parameters of the fluid, such as the relaxation time, apparent
viscosity, or the power-law index (in the case of a power-law fluid).

Before discussing previous numerical work on the flow of
viscoelastic fluids and that of suspensions of solid particles in
them, it is necessary briefly to describe rheological behavior and

existing models.

Rheological Equations for Viscoelastic Fluids

There are two existing approaches to the theory of visco-
elasticity. One approach is to view the material as a continuum and
then describe the response of this continuum to stress or strain by a
system of mathematical statements derived from continuum mechanics.
The other approach is to describe the rheological behavior of the
material from molecular structural considerations. In both cases, one
has to establish a relationship between the deformation of a fluid in
terms of deformation history, that is, between the rate-of-deformation
tensor and the stress tensor. A summary of existing visocelasticity
theories has been given by Han (1981).

In the continuum approach, two types of rheological equations of
3



state have been developed, namely the differential type and the
integral type. One of the earliest models for viscoelastic behavior
was developed by Maxwell. He used a phenomenological approach.
Viscosity of a Newtonian fluid was represented by a dashpot, with a
proportionality constant (n ). Hookean elasticity was represented
with a spring with an elasticity constant (G). Maxwell connected the
two models in series (Figure 2.1). In three-dimensional form this is

described as follows:

LI I P (2.1)

Here T is the stress tensor, d is the rate-of-deformation tensor,
and A (= n/G) is a time constant. A table of nomenclature is given on

page ix.

Maxwell's model is limited to very small deformation rates. In
order to overcome this constraint, different types of derivatives were
introduced in equation (2.1). These are listed by Han (1981).

A generalized Maxwell model can be written as

A

_ s _
Tex — =-20 3
(2.2)
Here
§T 3 T 3T ka PRY
+ = . e k -
1] 1] Vo (—) + )T . )y 1
Ix ax, kj X . ij
s t ot k 1 j (2.3)

for a covariant component of tensor T,

A generalized Maxwell model can be considered as a series of

several Maxwell models. Other rheological models have been proposed

by Zaremba-Dewitt (1903, 1955), Oldroyd (1958), Coleman-Noll (second
order model) (1961), Lodge (1956), Spriggs (1965), Bogue (1966).

Bird-Carreau (1968), and Meister (1971). The last four models are on
integral type. Oldroyd's 8-constant model was modified by Williams

and Bird (1962):
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Hookean solid Newtonian fluid Maxwell model Voight model

Figure 2.1

Phenomenological models
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This contains only 3 material constants, and appears to be the
most common in describing viscoelastic behavior in the literature.

The derivative in equation (2.4) is called the Jaumann derivative,

and is defined by

Drt.. _ at.. k . 9T4;
1) = 1] 1)y _ -
Dt (54 )+ v ( 3%, ) “ikTik “ikTik 2.5)

Here w= vorticity tensor,

The equation can be written in a simplified form as follows:

T, + 2 ‘oti'[ - DT
7 1 () = ld e A (FE ) (2.6)

Here A1'= relaxation time

A2= retardation time
; ) 3Vi . av ,
ij X, Ix (2.7)
j i
DT . CA 9T v, v
b_tll ) Tl'tl+"k(T;i)+ Tkj(Ei) "¢ axt) (2.8)



Oldroyd's model is ‘also limited to small strain rates. Higher
order models are 3-dimensional tensor equations and are difficult to
use. Although Oldroyd's model was developed for a suspension of
particles in a Newtonian fluid, it does not contain ¢ , the volume
fraction of the solid phase as a parameter. In studying flows of
suspensions, it is customary to follow the microrheological approach
described by Goldsmith and Mason (1967). In this approach, the
macroscopic rheological properties of a material are predicted from a

detailed description of the behavior of the elements of which it is

composed. Severalrheological models have been suggested for

suspensions of spheres in liquids. These are described below.

The Rheological Behavior of Suspensions of
Rigid Particles in Fluids

Einstein (1906) was the first one to develop a theory for
predicting the viscosity of a dilute suspension of rigid spheres in a
(Newtonian) fluid. He obtained the following expression for the

effective viscosity n of a suspension:

n(¢) =n (o) (1+2.5 ¢) (2.9)

Here N(0)is the viscosity of the suspending medium and ¢ is the

volume fraction of the spherical particles. Einstein's derivation was

based on the energy dissipation due to the presence of the particles.

Jeffery (1922) extended Einstein's work to include ellipsoidal

particles, and obtained the following expression:

n(¢) =n(o) (1 + vo) (2.10)






