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ABSTRACT

A gambling game based on the Polya urn process is discussed. Working with the
expected value of the game produces an interesting sum. The main result of the paper

is this sum is a polynomial with degree equal to the initial number of balls in the urn.

v



CHAPTER 1
INTRODUCTION

1.1  Overview

This paper focuses on computing the expected value for a gambling game based
on the Polya urn process. It is an extension of one of the games presented in an
earlier paper by Martin and Ho [10]. It is useful to recall how the Polya urn process
works. At the start of play, the Polya urn contains b black balls and w white balls. A
ball is drawn and it is replaced by two balls of the same color. This process is then
repeated.

We develop a sum S which plays an important role in computing the value of the
game. The main result of the paper is that this sum is a polynomial with degree
b + w, the initial number of balls in the urn.

The next section provides background information on the Polya urn process and
the motivating paper [10]. Chapter 2 defines the game under consideration in this
paper. Chapter 3 analyzes the value of the game and develops the aforementioned
sum S. Chapter 4 consists of examples of computing S in particular cases. The
main result, S is a polynomial of degree b + w, is contained in Chapter 5. Chapter 6

concludes.

1.2 Background
1.2.1 Polya Urn Process
The Polya urn process is described in the paper by Eggenberger and Polya [11]: an
urn contains balls of two different colors and a player draws balls from the urn. After
each draw, the selected ball is returned together with s balls of the same color (in
our paper, s = 1). The Polya urn process is used to model a number of phenomena
including: economic activity, learning, and the spread of diseases.

As discussed in [10], the Polya urn process can be used to model a two-commodity



market without advertising. The typical example is the competition in the personal
computer market between PCs and Macs. Assume that the two products have (nearly)
equal quality. A new user’s decision to buy will depend on the current relative share
of the market; if there are more PC users, the new user will be more likely to buy a
PC. This is reasonable because the company with the larger market share will have
more software developed for it and more support options. Several papers by Arthur
also discuss modeling of economic activity with urn models ([1],[2],[3],[4]).

The replacement learning model is described in [9]. This model uses a generalized
Polya urn process to describe a subject engaged in a learning experiment. On each
trial he attempts to perform a task, after each attempt he gains more experience. The
urn represents the subject’s knowledge or ability. Black balls correspond to correct
actions and white balls to incorrect actions. In the model, each trial has two stages:
performance and learning. In the first stage, a ball is selected from the urn (and
returned). If black is selected, the subject correctly performs the task, otherwise he
does not. In the second stage, k balls are randomly selected from the urn and replaced
with k£ black balls. Learning is regarded as the process of replacing white balls with
black balls. The following references discuss other learning models involving the Polya
urn process: [5], [7], [9], and [12].

Applications to the spread of infectious disease are described in [8] and [9].

1.2.2  Motivating Paper

As mentioned above, this paper is an extension of an earlier paper by Martin and
Ho [10]. The original paper discusses two gambling games based on the Polya urn
scheme. This paper considers the second game.

The first game involves computing the value of information in an urn game. There
are two urns in the game: the primary urn starts with b black balls and w white balls,
the secondary urn starts empty. The dealer draws a ball from the primary urn and

replaces it with two balls of the same color. He also places a ball of the same color



in the secondary urn. The dealer draws in this fashion k times. Hence, at the end
of this random setup, the primary urn contains b + w + k balls and the secondary
urn contains k balls. The player guesses the color of the next ball to be drawn and
receives $1 for a correct guess. However, before guessing, the player can purchase
information: he can pay to see s < k of the balls in the secondary urn (these s balls
will be drawn randomly from the urn). The paper calculates the expected value of this
information. Interestingly, it is discovered that the information may have negative,
zero, or positive value. It is also shown that in many cases the additional information
will not affect the player’s betting strategy.

In the second game a player pays to play N times in succession. On each draw
he guesses the color of the ball and is paid $1 for a correct guess. The objective is to
compute the expected value of this game. Martin and Ho compute the expected value
in the case where the urn starts with one black and one white ball. They note that
the computation for general initial conditions is difficult and “essentially the same as

recovering the input sequence for a nonlinear stochastic process.”



CHAPTER II
PROBLEM FORMULATION

This paper deals with game 2 from [10]. In this game a player guesses the color
of the balls drawn from a Polya urn. The urn starts with b black balls and w white
balls; balls are drawn and replaced using the Polya urn scheme. At the start of the
game, the player pays a fee to play a fixed number of rounds N. The player knows the
initial distribution (b,w) and he is told the color of the ball after each draw (before
making his next guess). He is given $1 for each correct guess.

Let X; and Y be the number of black and white balls, respectively, at the end of
draw j. Also, let V/(NV) be the expected value of the game with N draws. We have
the following result for V(V),

Theorem 1. In a game with Xq = b and Yy = w, the value is given by

Vi) = 3 Bl

p j+b+w

Proof. The player knows the initial distribution (b, w). So, on the first draw he knows

the values of Xy and Y; and clearly he’ll bet black iff b > w. Since there are a total

max(Xo,Y0)

of b+ w balls in the urn, his probability of winning on the first draw is ==

(this is also his expected payoff because he gets $1 for a correct guess). After the first
draw, he is told the color of the ball picked, and thus he knows the values of X; and

Y;. Using the same argument, his expected payoff on the second draw is %
Continuing this argument gives
N-1
XY
pr +b+w
The result follows from the linearity of expectations. m



CHAPTER III
DERIVING THE SUM S

In this chapter we simplify the above expression for V(N). The sum S arises in

the process.

Lemma 1. In the case where Xqo =b and Yy = w,
E(max{X,,Y,}) = Y Pr(n,n— jlb,w)max{n—j+b,j+w}
§=0

where

n\(b+k—-1Dw+n—k—-1Ib+w-—1)!
Prin,kjb,w) = (k) bt+w+n—DIb-1(w—1)

Proof. The possible values of (X,,,Y,) are (n —j +b,7 +w) for 0 < j < n. Let
Pr(n, k|b,w) be the probability of getting k black balls in n draws, given Xy = b and
Yy = w. Then by definition,

E(max{X,,Y,}) = Z Pr(n,n — j|b,w) max{n — j +b,7 + w}
=0

Now, let us compute Pr(n, k|b, w). Every sequence of k black balls and n— k white
balls has the same probability (see [9], [10] ). Consider the sequence BB..BWW...W,
k black draws followed by n — k white draws. Clearly, the probability of the sequence
is given by

b b+1 b+k—1
b+wb+w+1  "b+w+k—1

w w—+ 1 w+n—k—1
b+w+kb+w+k+1  b+w+n-—1
b+k—D(w+n—k—1Ib+w-1)!
b+w—+n—1)1b—1)(w—1)!

There are (Z) sequences of k black balls and n — k white balls, and thus the result

is proven.



Theorem 1 combined with Lemma 1 shows that V' (IV) can be computed analyti-
cally for any initial distribution (b, w). However, we are still interested in simplifying
the expression for V(N).

Define the following:

G+w-—D! (n—j+b—1)
J! (n—j)!

(b+w—1)! n!

b-—D(w-1)! (n+b+w—1)!

f3)

flsn,byw) =

C

C(n,b,w) =

We have Pr(n,n — j|b,w) = Cf(j). Without loss of generality, let b > w. Thus,

E(max{X,,Y,}) = ZPr(n,n—j|b,w)max{n—j+b,j+w}
=0

= ZwPr(n,n — jlb,w) + C’Zf(j)max{n —Jj+b—w,j}
j=0 Jj=0
= wt+C) f(j)max{n—j+(b-w),j}
5=0
For the last equality, note that Z?:o Pr(n,n—j|b,w) = 1, since the indices cover
all possible numbers of black balls on n draws.
Therefore, a key component in simplifying V' (N) is simplifying the following sum:
S = Zf(j)max{n —j+(b—w),j}
j=0

It is useful to define ¢ = b — w. The following theorem is a generalization of Lemma

6.1 in [10].

Theorem 2. Let S =37 f(j)max{n —j +¢,j}.

Case I. n<c



Case II. n > c then if n + c is odd,

and if n + c is even,

=S 0o+ () 1)+ B [ror s ia);

J=">
Remark. For notational convenience, in Case I, we refer to S as S1. In Case II, we
refer to S as S, or S. depending on whether n 4 ¢ is odd or even, respectively. Case

I is the degenerate case, consequently we focus mainly on Case II.

Proof. Consider Case I, where n < ¢. Clearly, n+c¢ > 2n > 2j for 0 < 5 < n.
Therefore, over the same j indices, max{n — j + ¢,j} = n — j + ¢. This gives the
result.

Now consider Case II, i.e., let n > ¢c. Then n+c¢ > 2c > 2j for 0 < j <c¢—1,

thus max{n — j + ¢, j} = n — j + ¢ over the same indices. Hence:

5— z_:f(j)(n—jﬂ) + 3 fGymaxtn — j+ ¢.)

Define (a,b) = max(a,b).

Let n 4+ ¢ be odd and consider the sequence (n — j + ¢, j), ¢ < j < n. There
is an index j such that n — j 4+ ¢ = j+ 1 (i.e. the value of two adjacent terms is
equal). Solving this equality gives, j = %C_l Clearly the sequence starts at (n, c)

and because j increases by 1 we have:

n+c+1 n—l—c—l)'
2 2 7
)i-i(c+1Ln—1)(c,n)

(n,c);(n—1,c4+1);..5(

(n—i—c—l n+c+1
2 ’ 2




Notice that for the first half of the sequence, ¢ < j < %C_l, (n—j+c,j) =n—j+c,
and then for the second half of the sequence, (n — j + ¢,j) = 7. Also note that the

values in the sequence repeat (backwards) after the term! j = %H Moreover, for

mtetl < j < n, term j has the same value as term n — j + ¢ (namely j). Hence:

n

> fliymaxtn = j+ed) = 3 |0)+ fn-i+ali

j:n+§+1

The case where n + ¢ is even is almost identical. Except here, there is an index
7 such that n — j + ¢ = j. Solving this equality gives j = ”T*Q Hence the sequence

(n—j+c¢j), c<j<nisgiven by:

n-+c n—+c n+c n+c
1 —1):
2 4 2 )’< 2 7 2 )

ngc—i—l,nzc—1);...;(c+1,n—1);(c,n)

(n,c);(n—1,c4+1);..5(

((

Using a similar argument as in the odd case gives,

n n

S symaxn—j+egt = (5) () + Y [f<j>+f(n—j+c>j

j:c j:n<2|»1:+1

]

'We do not refer to the term (n,c) as the first term in the sequence but the ¢* term. We label

the terms by the value of j.



CHAPTER IV
EXAMPLES: COMPUTING S USING THEOREM 2

This chapter computes examples using Theorem 2 (in the case where n > c¢).

Many of the computations in this chapter were done in Maple.

4.1 Case when (b,w)=(1,1)
In addition to computing S in the case of (1,1), this section also provides a cor-
rection to a slight mistake in the original paper [10]. Here ¢ = 0 and f(j) = 1, thus

S = Z?:o max{n — j,j}. Using Theorem 2 in the n even case gives:

Se:g+22j

j=5+1
n 3
n .
= 5+20_i-27)
7=0 7=0
= %n2+n

Doing similar calculations for n odd gives, S, = %nQ +n+ i
This specific case of Theorem 2 is Lemma 6.1 from [10]. There is a slight mistake

in the statement of this lemma. The sum was calculated correctly, but expanded

incorrectly.
~ n@Bn+4) 3 5 3 7
Se = 1 %4(71-1—1) 2(n—|—1)+4
3 1 1 3 1
g - Bnt i<”+ >7é1(n+2)2—§(n+1)

This incorrect expansion was used in computing V(n + 1) (Theorem 6.3), and
hence there is also an error in that result. The correct formula—found using the

above, Lemma 1, and Theorem 1—is given by

n

= 1 (35 +4) Bi+1)
V(n+1)_j:oj+2+ 2 G+0G+Y) 2 4G +2)

jeven <n jodd <n




4.2 Case when (b,w)=(2,1)
Here ¢ = 1 and f(j) =n — j + 1. By Theorem 2,

n

(n—j+1%+ > (n+1)j

. 2
j=042

NE

S, =

o

J
= (n+1)?+3/8n+5/8n* +1/4n
3n3 4 13n? +18n + 8
8

n

S, = (n+1)2+(n;1)2+ S (n+1)

j=241 41
3

)2—|—§(n3+n2—n—1)

n+1

33+ 13n2+17Tn+7
8

4.3 Case when (b, w)=(5,2)
Here f(j) =G+ 1)(n—7+4)(n—j+3)(n—j+2)(n—j+1). This expands to

32 =454 +653n%—4 5203+ jn* — 9514+ 26 30 — 24 5°n2 4+ 6 jnd +n* +25 73 — 40 j2n +
5jn? +10n3 — 1552 —20jn +35n2 — 26 j + 50n + 24

Consider the two sums needed for computing S,

Y fG)m+3—j) = 6n°+38n' + 1140 + 20207 + 1920 + 72

7=0
n A7 391 313 93 479
: 31l = 7,991 6 910 5 IO 4 I 3
.Zn;if(‘?Hf(njL ])]7 1920 T610" Tog0" 32" 210"
JI="2
+ £n2+§n
20 5

10



Combining the above, we get S, is given by

AT 7, 3016 , 60735 , 1123 4 , 26881 3 |, 4077 2 , 966
o e Tt TS g T+ T2

Similar work can be done to find S,.

4.4 Case when b = w
When b = w, it is easy to compute the sums using Maple.! The values of S, for
b=w =k, 1<k <6, are included in the appendix. In all of the above cases, S is a
polynomial in n of degree b + w.

The next chapter proves that this result is true in general.

"When b > w, Maple can still be used to compute the sums, but it is not as straightforward.

11



CHAPTER V
MAIN THEOREM

We now state the main theorem of the paper,
Theorem 3. S in Theorem 2 is a polynomial in n of degree b+ w

Section 4.1 shows that the theorem is true when b6 = w = 1. Throughout this
chapter, we assume that b > 1.

This theorem is proved below in several parts. The first section establishes several
preliminary results. In the second section, we prove that the auxiliary terms which

appear in Case II, Z;;(l) f(G)(n—j+c) and ("T*C> : f(”*c), are polynomials in n

2

with degree less than b+ w. Finally, in the third section we prove that the main sum
for S, is a polynomial in n with degree b+ w (the same basic argument works for the

main sums of S; and S.). The main sums are:

Si >_fG)n=j+e)

S, S D+ fn—j+o)li
Se Y D+ fn—j+oli

5.1 Preliminary Results
Definition. Let x € R" and let ¢(x) be a function which is a linear combination of

products of the coordinates of x. Then ¢ is called a multivariable polynomszial.

FExample. The following are multivariable polynomials
a. ¢(r) = 323 + 42 + 3
b. ¥(x,y) = 323 + 42y + dwy? + y> + 22 + Ty

ISince b > w all the cases are handled.

12



c. n(x,y, z) = vyz + 2%y* + 2°2°

We define an operator L which picks out the highest degree terms of multivariable

polynomials.

Definition. Let ¢ be a multivariable polynomial with degree p. The operator L 1is
defined by
L(¢) = sum of the terms in ¢ with degree p.

Ezample.
a. Consider ¢(z) = 32° + 42® + 3. Then L|[¢(z)] = 323,
b. Consider ¥ (z,y) = 32% + 42y + 5zy* + v* + 22 + 7y. Then
L{¢(z,y)] = 32% + 422y + Say® + ¢

The following three facts are obvious, and thus are stated without proof,

Lemma 2. Let m € N be fized and let x € N be indeterminate. Consider p(z) =

(z+m)!

- Then p(x) is a polynomial in x with degree m and leading coefficient a,, = 1.

Lemma 3. Let ¢1(x) and ¢2(Y) be multivariable polynomials. If ¢ = ¢1¢2 then ¢ is

a multivariable polynomial in (x,Y) and

Lp(x,¥)] = L[o1(x)¢2(¥)]

[¢1(X)} L [¢2(Y>}

L
L
Lemma 4. Let ¢1(X), ..., dn(X) be multivariable polynomials in X all with degree p.

Define ¢(x) = Y"1, ¢i(x). Then

1. ¢(x) has degree < p

2. If >0 L[¢s] #0, ¢(x) has degree p and

L[4 :L@m] :ém

13



FExample.
a. Consider ¢1(x) = 323 + 4% + 3, ¢o(x) = —32% + 102? + 5. Then
L[¢1 + ¢] = 1422, but L[¢1] + L[¢s] = 0.
b. Consider ¢y (x) = z° + 7, ¥y(x) = 82° 4+ 1222 + 11. Then
L1 + o] = L{yn] + L[] = 92°.

Remark. Below we somewhat loosely use L[> 7 ¢;] = >°i_ L|¢i]. But after the
fact, we do check that 3| L{¢;] # 0

Lemma 5. f(j) = f(j,n) is a multivariable polynomial in (5,n) with?
1
JARTE _ - _1)ipb-1-i w14
sum] =3 (7)o

Proof. Let ¢1(j) = W and ¢o(n — j) = % By Lemma 2, ¢, is a

polynomial in j with L[¢:(j)] = j*!

L{éo(n —j)] = (n — j)*"'. By definition, f(j,n) = ¢1(j)da(n — j) and thus, by

Lemma 3, f(j,n) is a multivariable polynomial with
LIfG.n)] = 3 n—5)""
b

1
b—1 i b—1—i ;w—1+i
_ Z( i )(_1)nb1 j 1+

The last equality comes from expanding (n—j)°~! using the binomial theorem. [J

and ¢, is a polynomial in (n — j) with

5.2 Auxiliary Terms
Proposition 1. For a fized value of ¢, Zj;(l) f())(n—j+c) is a polynomial in n with
degree < max{b,b+ w — 2}.

Proof. 1t is helpful to make the following definitions,
¢1(n,j) = fOG)n—j+c)=nfj)—(G—c)f()
1
$2(n)

Il
—
S
£

|
<

+
&

I
S
£
=

2Based on the notation in this section we should refer to f(j) as f(j,n)

14



From Lemmas 3, 4, and 5,

b—1 b1
¢1 n ] Z( ) |:nb zjw 144 nb—l—ij+z (51)

=0

Now consider ¢9(n) = Z] Ogbl(n j). Forafixed j,0 < j <c—1, ¢1(n,j) = ¢1(n)
is a polynomial in n. From (5.1) it appears that when j is fixed, ¢;(n) has degree
b (let i = 0). However, we need to be careful. When viewing ¢; as a polynomial in

b+w—2

(n,7), it has degree b+w — 1. Hence, there might be a term an which would not

be included in the result of L{¢1(n,j)]. Thus, for a fixed j, when ¢ is a polynomial

b+w—2

in n, the term an needs to be considered. We have, for a fixed 7,

degree(¢;(n)) < max{b,b+w — 2}
The result follows using Lemma 4 since ¢o(n) = Z;;(l) o1(n, j) O
2

Proposition 2. (”T*C) : f<”—+c> is a polynomial in n with degree < b+ w — 1

Proof. Using Lemma 5,

b

Llf <n+‘3) i (b_l) 1)inb=1= 1<n_2|—c>w—1+i

=0

Thus, f (”;C> is a polynomial in n with degree b + w — 2. Multiplying by ("

+c
2

]

yields the result.

5.3 Main Sum
The work in this section is all done for S,. The same procedures can be used to
handle S; and S, (these results are proved in the appendix).

The following result is well known (see [6]).

nk+1
)

Fact 1. Let k> 0. 30 i* =5 + % +O(

15



Corollary 1.

Y =gk + 0k,

n+c+1
2
where
2F+l
k)= ————
9) = Gy
Proof.
n+c—1
2
> = Zﬂ - 2
j VL+L+1 ]:1
Using Fact 1 on both of the above sums and simplifying gives the result. O]

Proposition 3.
b—1 b—1 w—1 _1
L — 1 i b+w

Proof. From Lemmas 3 and 5,

b

—1
b—1

Z( ) ’Lnb 1— z]w+z

=0

For a fixed j, 25+ < j < n, jf(j) is a polynomial in n with degree b+ w — 1.
Thus, by Lemma 4,

L[Zi;ff“” = A%meﬂ
e

= n+26+1

16



[: (b i 1) )'g(w + z)} b

The last equality uses Corollary 1.
A similar argument shows that

n

L[' Y iftn—j+o)] = [wz (w_ 1)(—1)"g(b+z')}nb+w

j= n+2c+1 =0

Recall, from Theorem 2,

c—1 n

Fm-sta+ Y |10+ s =i+
7=0 j:n+2c+l
Combining Proposition 1 and Lemma 4 with the above gives the result

]

It remains to show that coefficient in Proposition 3 is nonzero. It is sufficient to
show the following

Proposition 4. Let H(m,a) = > (") (=1)'g(a +i). Then

H(m,a) >0 VYa,meN

= (m . 1 1 1
H - )i S
(m, ) z;(z>( )<a+i+1 Qatitl a—f—i—l—l)

([ A G R —

P a+i1+1



Also,

b)) = Y ( )

= wa(l x) [Binomial Theorem)]

Let ¢a(2) = o1, (7)(—1)' 55551 Then

/ Oa( (?>(_1)i<2a+1@'+1 a +1+ 1)

Also,

s.

o) = 23 (1)

=0

= 2f+1 (1- g)m [Binomial Theorem]

Combining the above yields,

Hm,a) = /O by () — /O ()i

! 1 ! T
= 1 — z)"dx — “(1-)"d
/ox( z)"de 2a+1/0x( 2) )

1

1 2
= / (1 —z)"dx — / (1 —z)"dx
0 0
1
= / (1 — x)"dx

2

The second to last equality follows by substituting » = § in the second integral.

Clearly, 2%(1 — z)™ > 0 for + < = < 1 and thus

1
H(m,a) = / (1 —x)"dx >0

2

]

Propositions 3 and 4 prove Theorem 3 in the case of S,. Using the results in
Sections 5.1 and 5.2 and applying the same basic techniques as in Section 5.3 proves

the theorem in the other two cases.

18



CHAPTER VI
CONCLUDING REMARKS

The investigation of the expected value of a Polya urn gambling game leads to a
complicated sum involving factorials and maximums. First we reduced the sum to
one that does not involve maximums ( Theorem 2), then we proved that this sum is

a polynomial of degree b+ w, the initial number of balls in the urn ( Theorem 3).

19
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APPENDIX A
MAPLE CODE

The sums for ¢ = 0 can easily be computed using the Maple sum command gosper.
The code below is used to compute S, in the case where b = w (where b would be
specified).

> £:=(j,b,w)->(G+w-1) I*x(n-j+b-1) 1/ (j!*(n-j) 1);
> with(sumtools):
> simplify(gosper((f(j,b,b)+f(n-j,b,b))*j, j=(n+1)/2...n));

The code produces the following results for b=w =k, 1 < k < 6.

1. 3/4n2+n+1/4
2. Hnt+3/4n3 + ITn2+5/4n+ %
3. 3710 (3+n) (7Tn° +89n* + 398 n® + 746 n? + 5551 + 125)

4. 3zt (34 n) (16307 + 4215n° + 43551 n° + 228867 n' + 643161 n° + 928533 n? +
6033657 + 128625)

5. 335565 (3+ 1) (n 4+ 7)(319n® + 1148007 + 169576 n® + 1326560 n> + 5909206 n* +
14967800 n3 + 20272224 n? + 12724560 n + 2679075)

6. =st5ss (34 n) (n+7) (1255010471666 n°+1760871 n®+24347304 n”+207948174 nS+
1132919004 n® + 3922760294 n* + 8325358216 n + 10006964331 n? +
5845355010 n + 1188616275)
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APPENDIX B
MAIN SUMS

This appendix contains proofs that the main sums for S, and S; are both polynomials
in n with degree b 4 w.

Main sum for S,
Corollary 2.

> i =gk +0@b),

j:n+26+2
where
2k+1 -1
k)= ——+—F—
9(F) (k + 1)2k+
Proof.
n n %
ST WD
j=notet? j=1 j=1
Using Fact 1 on both of the above sums and simplifying gives the result. O

Corollaries 1 and 2 imply

Ll Y. =1 > i
J,n+2C+1 j= n+26+2

Using this fact and following the proof of Proposition 3, yields

L[S.] = L[S,]

Main sum for 5]
Proposition 5.

L[S = (bzl (b; 1) (_Di(w —l—i)(ul) +i+ 1))nb+w

1=0

The proof of this fact is almost identical to the proof involving the main sum of
S,. Although, here we can use Fact 1 directly.
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Proof. From Lemmas 3 and 5,
-l
L[nf(])] = Z ( ; )(—l)lnb—z]'w—l-i—z
=0

For a fixed j, 0 < j < n, nf(j) is a polynomial in n with degree b+ w — 1. Thus,
by Lemma 4,

L[io nf(j)] = no L[nf(j)]
_ j_: (b'; 1)( 1V#ﬁ‘i{§§23w‘l+1

The last equality uses Fact 1.
A similar argument shows that

L[]Z:;jf(j)} - rg (b B 1)(_1yﬁ] e

Lemma 4 with the above gives the result.
O

It remains to show that the coefficient in Proposition 5 is nonzero. It is sufficient
to show

Proposition 6. Let G(m,a) = > (") (-

7

% 1
) oy - Then
G(m,a) >0 Va,m €N

Proof.

G(m,a) = ﬁi(?)@ﬁy(aii_a+1+l)

1=0
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Let ¢1(z) = Y1, (7)(=1)'z*~ !+, Then

frowose = (D)

Also,

o) = 3 (1)

= M1 —2)" [Binomial Theorem]

Similarly, let ¢o(x) Y1 (7)(—1)'2*", and we get

%

[t = > (M)
P2

(0) = a*(1— )"

Combining the above yields,
1 1
G(m,a) = / ¢1(z)dx —/ ¢o(z)dx
0 0
1

_ /O (1 = 2)"da — /01 (1 — 2)"d
_ /Ol(xa—l — (1 — 2)"da

1
— /xa_l(l—x)m+1dx
0

Clearly, z%71(1 — 2)™" > 0 for 0 < x < 1 and thus the result follows.

This proof also illustrates that the leading coefficient of S; is given by

1
/ N1 — x)’dw
0
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