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Chapter I

Eistory

The purpose of this work is to establish necessary and
sufficient conditions that a topological linear space be an

inner product space.

DEFINITION 1l: A topological linear space X 1s innerproduct-
able if there exists an inner product defined on X such that
the topology induced by the inner product is equivalent to

the given topology on X.

DEFINITION 2: A normed linear space X is innerproductable
1f there exists an inner product defined on X such that the
norm induced by the inner product is equivalent to the norm

on X.

Theorems already exist for the topological characteri-
zations of metric linear spaces and normed linear spaces.

For example:

THEOREM 1l: Let X be a Tl topological linear space. Then

X is metrizable if and only if there exists a countable bhase

at 0. [9, page 125].
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THEORLM 2: A topological linear space X is normable if and
only if (1) X is a Tl~space

(2) there exists in X a convex and bounded [see

Dcf. 3 below] neighborhood of 0. [1, page 136].

DEFINITION 3: 1In a topological linear space, a set S is
bounded if for each neighborhood U of 0, there exists a

scalar o such that 8§ C qU.

In the past, several papers have appeared which char-
acterize an inner product in terms of a given norm. A brief
history of this development will be given herg.

The f£irst paper which characterizes an inner product
in terms of a given norm seems to be that of Jordan and

v. Newmann [2] in 1935 which states:

THEOREM 3: A normed linear space X 1s an inner product

space if and only if
1+ g%+ [1E - gl = 20112 + []s]1D

for all £ and g in X. The inner product is then defined

by

- [1E - g%+ i]E + ig])?

- . |7
Do~ igllh).

- il
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This theorem also implies that every 2-dimensional subspace
of an inner product space is isomorphic to the Euclidean
plane.

In 1944 F. A. Ficken [3] proved:

THEOREM 4: A normed linear space X is an innér product

space if and only if whenever ||f|| = ||g||, £, g in X and

a, b are real scalars then ||af + bg|| = ||bf + ag]

Also in 1944, M. M. Day [4] showed:

THEOREM 5: A normed linear space X is an inner product

space if and only if ||f +‘g]|2 + | |£ - g||2

el = Tlgll = 1.

= 4 whenever

I. J. Schoenberg [5] added the following theorem in
1952

THEOREM 6: Let X be a real semi-normed space which is
ptolemaic [see [5] for def.], then X is a real inner pro-
duct space.

Again in 1959, Day [6] established:

THEOREM 7: If X is a normed linear space and there exist

a and b such that 0 < a <1, 0 < b < 1 and



(a + b - 2ab)(ab + (L - a) (1l - b)) <

b(1 - b)|]af + (1 - a)g|l2 + a(l - a)||bf - (L - b>g112

for every £, g in X with ||f]|| = ||g|| = 1, then X is an
inner product space. The theorem remains true if < is
replaced by > or =, however a different choice of a and b

would result in each case.

The first paper which states the conditions for a
normed linear space to be innerproductable [Def. 2] seems

to be that of S. Kakutani and G. W. Mackey [10] in 1946.

THEOREM 8: If X is an infinite-dimensional complex Banach
space, let A be its lattice of closed subspaces. If there

exists an operation M - M' from A to A such that:

(1) if Ml and M2 are in A and MlS: M2 then
] ]
M2 < Ml ,
(2) if M is in A then M" = M,

(3) if M is in A then M' N M = 0,

then X is innerproductable.

Then in 1961, J. G. de Lamadrid [11] proved:

THEOREM 9: A Banach space X is congruent tc a Hilbert

space if and only if there is a number M > 0 such that for



every closed vector subspace F < X there is a projection

P X » F with the property that the multiplicative semi-

F:
group S generated by {PF}FC:X is bounded by M.

In 1962, J. Lindenstrauss [12] published:

THEOREM 10: Let X be a Banach space, and define the modulus

of smoothness pX(T) by

l .
(1) =5 sup  (J|£ +g|| + [[£-g]] - 2),
2
| [£]]=1

| lg] |=1

1t > 0. Then X is an inner product space if

pyle) = (L + A2 -

for every 1 such that 0 < t < 1.

A paper by J. T. Joichi [7] in 1966 shows that:

THEOREM 11l: A normed linear space X is innerproductable if
and only i1f there exists a constant k > 1 such that for
each finite dimensional subspace M of X, there exists a

linear mapping T,, of M into H, a Hilbert space, with the

M

property that



SHEN < Hmgell < x| gl

for each £ in M.



Chapter II

Innerproductability

The significant purpose of this chapter is to give
necessary and sufficient conditions for a topological lineax
space to be..innerproductable in terms of its topology, rather
than in terms of the properties of some one specific norm.

It should be remarked that with the majority of the propo-
sitions cited in Chapter I, the failure of the particular
norm under consideration to possess the indicated propex-
ties in no way precludes the possible existence of some
other norm with an equivalent topology which might induce
_an inner product on the space. To give emphasis to this

point, a trivial example 1s now given.

Example: Let X be the Euclidean plane. It is well

known that egquivalent norms can be defined on X by

lellp = (|la|®P + [blp)l/p, where x = (a, b).

It is an easy matter to verify, by the use of Theorem 3 of
Chapter 1, that, if p = 2 the norm llx![p induces an inner
product on the space, while for p = 1 the norm [[xl]p can-

not be used to define an inner product.
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The principal conclusion of this research 1s contained

in the following Theorems 12, 14 and 15. It is intercsting
to compare tnese theorems with Theorems 1 and 2 of Chapter

I.

THEOREM 12: Let X be a topological linear space such that
therc exists a Hamel basis H with the property that the

set

< 1, n arbitrary}

1s open and bounded, then X is innerproductable.

Proof: First it will be proven that C is a convex set.
Let x, y ¢ C, then the indexing of the basis elements can

be arranged so that

n n 9
X = Z alXi, Xi e H, Z lail < 1 and
i=1 i=1
n n 5
y = )} B;%., % ¢ H, Iooleyl” < 1.
i=1 i=1
For any t, 0 < t < 1,
n n
tx + (1 - t)y = t igl o X, + (1L - t) 1£l B4 X



(tai + [1 -~ t]Bi)Xi.

-

i=1
2 | 2 1/2

Now () Itai + [1 - t]Bil ) ‘

i=1

(7 e BY2 (T 0 - v B2

T iZ1 o i=1 =

n n
e (] Ja AP -0 (] ls1HY?

Thus'C is also balanced.

Next it will be shown that X is a 'I‘l - space. Since
C is open and bounded it follows that {%-C}izl is a coun-

table basis at 0, for if U is any neighborhood of 0 there



10

exigts a real number k such that C « kU [Def. 3]; thus

% C c U. It can easily be verified that

a when 0 < a < . Pick k so that

1 < a, then % C is a neighborhood of 0 and x - y /£ % C.

k2

The set % C + y is a neighborhood of y and x / % C +y. The

argument is symmetric, thus X is Tl'

It is well known that [l, page 136] the Minkowski
functional on a bounded, convex and balanced neighborhood
of 0 in a T, - space defines a norm on the space; therefore
let the Minkowski functional of C induce the norm |]|.]|

on X.

n
Observe that if x = ) a; X, and Lx]]| = %, then
i=1
n
L= allxl ] = (] D el

This implies that ax is on the boundary of C, which in turn
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2= =

2
L ~ = | =]
=1 a’

n
irplies )

It can now be shown tnat for any %, y e X,
2 2 2 2
[+ y [ 17+ [ x = w17 = 200 {x] |7+ [y

Suppose that x # 0, vy # 0, x # + y, for equality is obvious

otherwise. As before let x =

n
a.X., Y = Z B.X.y
5 -

L1

I e~—3

xi g H. Since the limits of summation are finite,

]
o~
3
4
kos)
N
+
N3
Y
H
W
_M

[+ y ]2+ | ]x = y]]? =

Replacing the a's and 8's by their complex equivalents,

(u, v) and (r, s) respectively, and noting that

o + 812+ | - 8]°

= |[(u+1r, v+ s)]2 + J(uw=-1r, v- s)[2
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= 2(]a|% + |8]%),

it follows that

[+ ]2+ []x - ]|

I
1\0)
P
-
Hesa 33
=
Q
}.J.
N
+

2 2
= 2(] x| [" + ||y[]T).

Therefore by Theorem 3 above, X is innerproductable. The

proof of the theorem is complete.

COROLLARY 1l: If X is a topological linear space with an
inner product induced by the set C of Theorem 12, then the
set H of Theorem 12 is an orthonormal basis with respect

to this inner product.

Proof: Let H = {xi}, xi's independent in X. If



then

3

xl12 = 1 lal?

X
1l

i

from the proof of Theorem 12. By Theorem 3

g, %0 = 7 (lx, e w12 - ey - x 12 e 2] ey o+ dx 16

k k

- il xg - x| |?

) .

It follows readily from these two facts that:

(1) If 3 # k4

. ws =L (%12 - 0% 1%+ in® s i
3 k 4 .
- in? o+ -i)%D
=2 (2-2+2i-2i) = 0.
(2) If 3 = k,
<X., X, > = L (22 - 0%+ i[12 + lil2] - 1[12 t 1-112])
J k 4
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DEFINITION 4: A sequence {xn} in a topological linear space
is Cauchy if given any neighborhood U of 0, there exists

a number N such that if n, m > N then X = X_ € U [8, pacc
. m ~

60].

DEFINITION 5: A topological linear space X is complete

if every Cauchy sequence in X converges to a point in X.

THEOREM 13: A normed linear space is complete as a normed

linear space if and only if it is complete as a topological

linear space.
The trivial proof is suppressed.

In view of Corollary I, X of Theorem 12 is either a
finite dimensional linear space or a pre-Hilbert space. To
see this recall that [13, page 252] every Hilbert space, wit
a non-zero element, has a complete orthonormél éeﬁ in X and
that [14, page 150) an infinite complete orthonormal set is

.never a Hamel basis in a Hilbert space.

THEOREM 14: If X is an infinite dimensional Hilbert space,
then there exists a pre-Hilbert space M C X with a Hamel

basis H such that the set
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is open and bouncded [Def. 3] in the relative topology of .

Proof: Since X is infinite dimensional, X has at least
one non-zero element so there exists in X a complete ortho-
normal set XK. Let M be the linear manifold generated by K,
i.e. X ¢ M if and only if x is a finite linear combination
of the elements of K. Hence K is a Hamel basis for M and
is .the H of the theorem. The closure of M is X [1l, page
114]. It is easily verified that the inner product on X
when restricted to M 1s an inner product on M. Thus M is
a pre-Hilbert space contained in X.

In determining the relative topology on M, it will
suffice to restrict the discussion to a neighborhood base

the norms

at 0 [1, page 124]. Denote by ||:|]| and |

v

induced by the inner product on X and the inner product on
X restricted to M respectively. One neighborhood base at

0 in X is of the form

1.
{x e X: |[|x]] < K}n=l'
Similarly
1.
{x e M: |[x]|]|y < Flp=1

is a neighborhood base at 0 in M. For each n, the interscc-

tion of the above two scts is just the second set. Thus
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the inner product on X restricted o induces the relative

topology of M.

Since K = H is a complete orthonormal set in X and

M c X, for each x in M, with

n
X = izl ai X, X e H,
2 2 n
[l = Hxl1% = <o, 0 = § Ja, |2,
i=1
This implies that
n n y
C = {x: x = izl a X X, ¢ H, izl ]all < 1}
= {x: llxllM < 1} = Sl(O),

where the notation Sl(O) denotes the open sphere in M with
center at 0 and radius 1. Since the set of open spheres

(0)} with centers at 0 and radius 1 form a base at 0,

{s ”

i~

given any neighborhood U of 0, there exists a k such that

Sl(O) < U. Thus C = Sl(O) C XU and C is bounded in the

k

sense of Definition 3. This completes the proof.
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THEOREM 15: An infinite dimensional complete topological
linear space X which (a) is Tl and (b) has a countable base
at 0 is a Hilbert space if and only if (c) there exists in

X a dense subset M with a Hamel basis H such that the set

is open and bounded in the relative topology on M.

Proof: The necessity of (a), (b) is by Theorem 1 and
that of (c) by Theorem 14. For sufficiency, let M be the
topological linear space of Theorem 12; Then by Theorem
12, M is innerproductable. By (a), (b) X is metrizable
[Th. 1]. Since M has a completion as a metric space which
is unique up to an isometry [14, page 54].and the closure
of M is X, X can be considered as the completion of M.

Therefore, X is a Hilbert space. This completes the proof.

It may be that one wishes to test a given norm to see
if this nofm can be used to define an inner product on the
space. Theorems 12, 14 and 15 make it possible, in certain
cases, to test not only the given norm, but all eguivalent
norms to see if there exists one which can be used to define
an inner product on the space. This chapter is concluded

with such an example.






